HYPERSURFACES M" IN S*^ x H"-'^'+i 

DANIEL KOWALCZYK 

Abstract. Let !/> : M" ^ S*^ x H^-^+i be an isometric immersion of codimension 1, then 
there exist symmetric (1, l)-tensors S and /, a tangent vector field U and a smooth function A 
on M" that satisfy the compatibility equations of S'' X BI"~*+'^. In this paper, we will deal with 
the converse problem: "Given a Riemannian manifold M" with symmetric (1, l)-tensors S and 
/, tangent vector field U and smooth function A satisfying the conditions mentioned above, can 
M" then be isometrically immersed in S'' X H"~'^+-'^ in such a way that (g, 5, /, U, A) is realized 
as the induced structure?". 



1. Introduction 

It is well known that the Gauss and Codazzi equations are necessary conditions for a Riemannian 
manifold Af" to be locally isometrically immersed as hypersurface into an arbitrary Riemannian 
manifold Af"+^. In the case that A/"+^(c) is a space form, the Gauss and Codazzi equations can 
be written in terms of the metric of Af" and of the shape operator 5, which are both intrinsically 
known(as soon S is known). Moreover in this case the Gauss and Codazzi equations are sufficient 
for an n-dimensional Riemannian manifold to be isometrically immersed into the space M'^~^^{c) 
as hypersurface with given second fundamental form S. In [2\, B. Daniel gave a necessary and 
sufficient condition for an n-dimcnsional Riemannian manifold to be isometrically immersed in 
the Riemannian product of a sphere and the real line or the Riemannian product of a hyperbolic 
space and the real line in terms of its first and second fundamental forms and of the projection of 
the vertical vector field dt on its tangent space. He rewrote the Gauss and Codazzi equations for 
hypersurfaces immersed in §" x or H" x in terms of the metric of A/", the shape operator 
S, the projection T of the vertical vector field dt onto the tangent space of A/" and the normal 
component v oi dt- The Gauss and Codazzi equations together with extra conditions on T and 
which follow from the fact that dt is parallel in S" x E-'^ or H" x E^ , are necessary and sufficient 
conditions for a Riemannian manifold to be isometrically immersed into §" x or into H" x E^ . 
In this paper we will extend this result to the Riemannian product of the fc-dimensional sphere 
and the (n — fc + l)-dimensional hyperbolic space of opposite sectional curvature. 

On an arbitrary Riemannian product Mi x A/2 of two Riemannian manifolds there exist a 
natural symmetric (1, l)-tensor F such that F"^ — I [F ±7) and VF = 0, where V is the Levi- 
Civita connection of the Riemannian product. F is called the product structure of Mi x Af2- Let 
A/" be a hypersurface of the Riemannian product Mi x M2 with product structure F. We can 
put 

FX^fX + 
Fi = U + AC, 

where X is a tangent vector field on Af", ^ a unit normal of Af" in A/i x Af2, / is a (1, l)-tensor 
on Af, [/ is a tangent vector field on Af", m is a 1-form on Af" and A is a smooth function on Af". 
Moreover there are some conditions on /, U, u and A which follow from the fact that F'^ = I, F is 



2 



D. KOWALCZYK 



symmetric and VF = 0. In the case of S*^ x H" ''^^ one can rewrite the Gauss equation in terms 
of S and / and the Codazzi equation in terms of u, as follows: 

R{X, Y)Z = {SX A SY)Z + i {f{X A Y)Z + (X A Y)fZ) , 

{VxS){Y) - iVYS){X) i {u{X)Y - uiY)X) . 
Our main aim is to proof the following: 

Theorem. Let {M",g) be a simply connected Riemannian manifold of dimension n. Let S and 
f be symmetric fields of operators on M", U a vector field on Af" and A a smooth function on 
Af" such that f^X ^ X - g{U, X)U, fU = -XU and ||C/|p + = 1. Assume that the structure 
{g, S, /, U, A) satisfies the Gauss and Codazzi equation for hypersurfaces in S X H"-'=+i and the 
following equations: 

{Vxf){Y)^g{U,Y)SX + g{SX,Y)U, VxU ^XSX- fSX, X[\] = -2g{SX,U). 

Then there exist an isometric immersion i/j : Af" E'^ x H"^'^^"'^ such that the shape operator 
with respect to the normal ^ associated to f is S and such that 

(1) F{0 = MU) + >^L 

(2) FiAX)^Mf{X))+g{U,X)^ 

for every tangent vector field X on A/" and whereby F denotes the product structure of S'^ x 
jjn-fe+i^ MQj-Qover the immersion is unique up to the global isometrics o/S'^' x H""'^"'""'^. 

First we will recall some basic facts about the theory of submanifolds ([T]) and some facts 
about Riemannian products. Then we will apply these facts to the case of hypersurfaces in the 
Riemannian product of the fc-dimensional sphere and the (n — fc + l)-dimensional hyperbolic space. 
In the last section we will give the proof of the above stated theorem. 

2. Preliminaries 

2.1. Submanifold Theory. Let i/j : {M'^,g) {M"'^"^,g) be an isometric immersions of codi- 
mension m. Denote by V and V the Levi-Civita connections of respectively (Af", g) and (A^f""''™ , g) . 
The tangent vector fields on A/" will be denoted by X,Y, Z, . . . and normal vector fields along Af" 
in A/"+™ will be denoted by ^, ^i, ^2, ■ • • • The formulas of Gauss and Weingarten which concern 
the decomposition of V xY and Vjf^, respectively, into their tangent and normal components are 
given by 

VxY = VxY + h(X,Y), 
= -S^X + vie, 

whereby h denotes the second fundamental form, denotes the shape operator of M"' in Af"+™ 
associated to the normal ^ and denotes the normal connection of Af" in Af"+™. The second 
fundamental form h and the shape operator are related by 

g{h{X,Y),0=9{S^X,Y). 

The shape operator at a point p of Af " is a symmetric linear endomorphism on the tangent space 
TpM^ for every normal vector ^, since the second fundamental form h is a normal-bundle-valued 
symmetric (1, 2)— tensor field on M". 



HYPERSURFACES OF S** X H"-'=+i 



3 



Let R, R and R^ denote the Riemannian curvature tensors of V, V and V^*", respectively, taken 
with sign convention R{X, Y) = [Vx, Vy] — Vijcr] • One can easily deduce, using the formulae of 
Gauss and Weingarten that 

R{X,Y)Z = R{X,Y)Z + Ah(x,z)Y - Ah(Y,z)X + {^xh){Y, Z) - {VYh){X,Z), 

where V is the van der Waerden-Bortolotti connection of M" in M"'+'" defined by 

(Vx/i)(y, Z) = VjiHY, Z) - hiVxY, Z) - h{Y, VxZ). 

The decomposition of R{X, Y)Z into a tangential component and normal component yields the 
equations of Gauss and Codazzi: 

tan(i?(X, Y)Z) = Y)Z + A^x,z)Y - AhiY,z)X, 
noT{R{X,Y)Z = {Vxh){Y,Z) - (Vy/i)(X,Z). 

It is also possible to deduce the following equation of Ricci, again using the formulae of Gauss and 
Weingarten: 

iiot{R{X, y)0 R^{X, Y)C + h{X, Ai:Y) - h{A^X, Y). 

In the following we will mostly consider isometric immersions ip : [M" , g) — s- (M""'"^,g) of 
codimension 1, i.e. hypersurfaces. Let ^ be a local unit normal vector field of M" in M""*"^; the 
formulae of Gauss and Weingarten can be written as 

VxY = VxY + h(X,Y)^, 

VxC = ~SX, 

whereby h denotes the scalar valued second fundamental form of Af" in M"+^ and S denotes 
the shape operator of M" in M"+^, such that g{SX, Y) = h{X, Y). The equations of Gauss and 
Codazzi then reduce to 

tan(^(X, Y)Z) = R{X, Y)Z - [SX A SY)Z, 

tan(i?(X,r)0 = {yxS){Y) - {VyS){X), 

whereby A associates to two tangent vectors v,w & TpM^ the endomorphism v A w of TpM^ 
defined by 

{v A w)z = g{w, z)v — g{v, z)w 
and whereby VS denotes the covariant derivative of the shape operator, i.e. whereby 

{S/xS){Y) = Vx{SY) - S{VxY). 

2.2. Riemannian products. Let Mi and M2 be two differentiable manifolds of dimensions p > 2 
and g > 2, respectively. Consider the product manifold Mi x M2 with natural projections tti : 
Ml X M2 ^ Ml and 7r2 : Mi x M2 ^ M2. The tangent space T^p^^p^){Mi x M2) of Mi x M2 
at {pi,P2) is isomorphic to the direct sum Tj,jMi0Tp2M2 for every point {pi,P2) of Mi x M2, 
i.e. we can identify the vector space T(pj^p2)(Mi x M2) with the vector space T^^Mi ^Tp^M2. 
At every point (pi,P2) one can define the linear endomorphism F(^p^ p^-j : T'(pi,p2)(^^i ^ ^^2) 
T^p-^ p^){Mi X M2) : {vi,V2) 1-^ {vi, —V2)- Since -F'(pi,p2) thus defined at every point of (^1,^2), 
we can construct a field of endomorphisms of the tangent spaces to Mi x M2 by 



F{Xi,X2) = {Xi,-X2), 
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whereby Xi e TMi and X2 G TM2. Notice that F'^ = I, whereby / denotes the identity 
transformation on T(Mi x M2). It is easy to see that a tangent vector v to Mi x M2 at {pi,P2) 
lies in Tp^Mi if and only if Fv = v and that a tangent vector w to Mi x M2 at (pi,P2) lies in 
Tp^M2 if and only if Fw = —w. 

If (Mi,(7i) and (M2,g2) are Riemannian manifolds, consider the product Riemannian metric g 
on Ml x M2: 

g{{X,, X2), (Fi, F2)) = 51(^1, n) + 52(^2, 12), 
for all Xi,Yi e TMi and for all ^2,12 S TM2. A product manifold of Riemannian manifolds 
equipped with the product Riemannian metric is called a Riemannian product manifold. Notice 
that the subspaccs Tp^ Mi and Tp^ M2 of T(p^ p^) i^h x M2) arc orthogonal and that is a symmetric 
(1, l)-tensor on Mi XM2 with respect to g. Denote by V the Levi-Civita connection of (Mi XM2, g). 
It can be shown that 

(3) {^xF){Y) = 0, 
i.e. that 

Vx{FY)=F{yxY). 

Consider an isometric immersion tp : {M",g) — > (Mi x M2,g) of codimension 1 with unit normal 
^, i.e. a hypersurface M" in Mi x M2. Then, we can put 

(4) FX = fX + u{X)^, 

(5) F^ = U + X^, 

whereby / is a (1, l)-tensor on M", u is a 1-form on M", J7 is a tangent vector field on M" and 
A is a smooth function on M". 

Lemma 1. Suppose that M" is a hypersurface of a Riemannian product Mi XM2 with unit normal 
^ and for which f, u, U a,nd X are defined as above. Then 

(1) / is a symmetric (1, l)-tensor such that f'^X = X — u{X)U and that fU = —XU, 

(2) u{X) = g(U,X), and 

(3) .g([/,[/) + A2 = l. 

Proof. Using the fact that is a symmetric (l,l)-tensor field on Mi x M2 with respect to the 
product Riemannian metric g, we obtain that / is a symmetric (1, l)-tensor field on M" and that 
u{X) = g{U,X) for every tangent vector field of M": 

g{fX, Y) = g{FX, Y) = g{X, FY) = g{X, fY), 

u{X) = g{FX, = g{X, FO = 9iU, X). 

Using the equation F'^ = I and comparing the tangent and the normal components, we obtain the 
other relations: 

X = F^X 

= F{fX + g{U,X)0 

= fx + g{U, fX)^ + g{U, X){U + X^ 

and 

^ = F'^ 
= F(C/ + AO 

= fU + g{U,U)^ + X{U + X^). 
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Notice that the third equation can also be obtained from fU = —\U, when U ^ in every 
point p of Af". 

Lemma 2. Let ip : M" ~> Mi x AI2 be an isometric immersion of codimension 1 with local unit 
normal ^ in a Riemannian product and for which /, U and A are defined as above. Then 

(1) i\7xf)iY) = u{Y)SX + g{SX,Y)U, 

(2) \/xU = XSX - fSX 

(3) X[X] = -2u{SX). 

Proof. We win use equation ^ to determine the covariant derivatives of /, U and A. We will 
therefore find a expression of {\7xF){Y) in terms of /, U and A using the formulas of Gauss and 
Weingarten: 

= VxFY - F{VxY) 

= ^xifY + g{U, X)0 - F{VxY + g{SX, Y)0, and 

= {Vxf)Y - g{U, Y)SX - g{SX, Y)U + {g{VxU, Y) + g{fSX, Y) - \g{SX, Y))£, 

and 

= VxFi - F{VxO 
= Vx{U + \0+F{SX) 

= VxU - XSX + fSX + {X[X] + 2g{U, SX))S,. 

By comparing the tangent and normal components, we obtain the equations of Lemma 2. We 
notice that the third equation can also be obtained form the third equation of Lemma 1 and the 
second equation of Lemma 2 when \\U\\ ^ 1 for every point p of M" □ 

3. Isometric immersions into x 11"^''+^ 

Denote by L"+^ = (M"+^, (., .) = dx\ + • • • + dx\^2 " ^2:^1+3) the Minkowski space of dimension 
n + 3 and define S*"' x H"^'''+^ as the following submanifold of L"+^, equipped with the induced 
metric: 

gfc^jjn-fc+l ^ {{^xi, . . . ,Xn+2,Xn+?,)\x\ + - ■ ■+xl+i = 1, xl+2 + - ' ■+Xn+2-xl+^ = -1, X„+3 > 0}. 

Then S'^ x H"^'^+^ is the Riemannian product of the fc-dimensional sphere and the (n — fc + 1)- 
dimensional hyperbolic space. The Riemannian product S*^ x H"^'^^^ is a submanifold of L"+^ 
with orthonormal normal vectors = . . . , Xk+i, 0, . . . , 0) and ^2 — (0, . . . , 0, a;fc+2, ■ • ■ , a;„+3). 
Using the formula of Gauss for isometric immersions into semi-Riemannian manifolds, we find 
that the Levi-Civita connection V of S*"' x 13""''+^ is given by the following expression in terms of 
the Levi-Civita connection D of L"+^ and the product structure F of S'^ x M"^''"+^: 

(6) VxY = DxY + 1{X + FX, Y)Ci - ^i^ - FX, y)^. 
Consequently, we obtain that the Riemann-Christoffel curvature tensor R is given by 

(7) R{X,Y)Z =^{F{X AY)Z+{X AY)FZ). 

Consider a hypersurface Af" of S*"' x H"^'^+^ with unit normal ^ and shape operator S. Let V 
and R be the Levi-Civita connection and the Riemann-Christoffel curvature of Af". Let / be a 
endomorphism on TM", u a 1-form, U a vector field tangent to M"^ and A a smooth function on 
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M" defined as in section 12.21 Since the product structure F of S'^' x H"^'''+^ is symmetric and 
satisfies = I, we obtain tlie equations of Lemma[T]for /, u, U and A. Using these notations and 
equation ([7]), we obtain that the equations of Gauss and Codazzi reduce to 

(8) R{X, Y)Z = {SX A SY)Z + i {f{X A Y)Z + {X A Y)fZ) , 

(9) i^xSm - (Vy5)(X) = i iuiX)Y - u{Y)X) . 

We also have that the product structure _F of S*^ x H"^'''+^ is parallel and hence we also obtain 
the equations of Lemma [5] for /, U and A. The equations of Lemmas [T] and [H together with the 
equations of Gauss and Codazzi for hypersurfaces of x 13"^'^+^ are called the compatibility 
equations of S*^ x H"^'"'+^. In the following we will suppose that / ^ ±Id, because otherwise we 
would have that U = 0, A = ±1 and 

R{X, Y)Z = {SX A SY)Z ±{X A Y)Z, 
{VxS){Y)-{\7yS)(X) = 0, 

and hence M" would be an isometrically immersed into S"+^ or into 1!"+^. 

Definition 1. Let S and / be symmetric fields of operators on M", U a vector field on M" and 
A a smooth function on M". We say that the structure {g, S, f, U, A) of a Riemannian manifold 
(M", g) satisfies the compatibility equations of S'^ x M^~''~^^ if the following equations are satisfied: 

(10) gifX,Y)^g{XJY) fX = X-g{U,X)U fU = -XU g{U,U) + X^ = l, 

(11) R{X, Y)Z = {SX A SY)Z + i {{fX A fY)Z + {X A Y)fZ) , 

(12) {yxS){Y) ~ {VyS){X) = i {u{X)Y - u{Y)X) , 

(13) {Vxf){Y)^u{Y)SX + g{SX,Y)U, 

(14) "sJxU = XSX - fSX, 

(15) X[X] = ~2u{SX). 

We will show now that an arbitrary Riemannian manifold (M", g) with structure {g^ S, f, U, A) 
that satisfies the compatibility equations of S X H"-'=+i can be isometrically immersed in S''^ X 
jjjn-fc+i g^j-^j moreover that the immersion is unique up to isometrics of S'^ x M.'^~''~^^. 

Theorem 1. Let {M'^,g) be a simply connected Riemannian manifold of dimension n. Let S and 
f be symmetric fields of operators on , U a vector field on M" and X a smooth function on 
M". Assume that {g, S, f,U, X) satisfies the compatibility equations for x H"^'^+^. Then there 
exists an isometric immersion ip : S'^' x H"^'''^"'^ such that the shape operator with respect 

to the normal ^ associated to is S and such that 

(16) F{O^MU) + XC, 

(17) F{,p,X)=.MfiX))+g{U,X)^ 

for every tangent vector field X on M" and whereby F is the product structure of S'' x H"^'^"'""'^ . 
Moreover the immersion is unique up to a global isometrics o/S'^ x H""'^"'"^. 
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4. Proof of the theorem 



In the following we will give the proof of the theorem. We will use the techniques of [3j and [1] 
to proof the theorem. Let TM" be the tangent bundle of M". Suppose N = M" x M.^ is the trivial 
bundle equipped with the Minkowski metric g-i. Denote by i? = TM" (Bw N the orthogonal 
Whitney sum of TM" and the trivial bundle N. The metric on B will be denoted by g. Let ^, 
and ^2 be an orthonormal frame in N such that g-i{£,,0 ~ .9-i(Ci,^i) = —.9-1(^2,^2) = 1- We 
define a connection _D in _B by 

(18) DxY = VxY + g{SX, Y)^ - ^g{X + fX, r)6 + ^giX - fX, 

(19) Dx^ = -SX-^g{U,X){^i+^2), 

(20) Dx^i^l{X + f{X)+g{U,X)0, 

(21) Dx^2 = l{X-f{X)-giU,X)0. 

It is easy verified that the connection Z? on i? is compatible with the metric 7) on B, i.e. 

Xg{m,m) = 9{D xVi,V2) + g(rii,Dxm) 

for every tangent vector field X on M" and r?2 G B. The curvature tensor of B with connection 
D will be denoted by . The curvature tensor R° : TM" x TM" x B ^ B is a trilinear map 
over the module C°°{M") of smooth functions on M" defined by 

i?^(X, Y)7j - DxDyV - DyDxV - D[x.Y]V- 
We will show that the connection Z? on is flat, i.e. — 0. 
Lemma 3. R^ = 0. 

Proof. We will only calculate R^{X, Y)Z for arbitrary vector fields X, Y, Z on M". We will obtain 
that R^{X,Y)Z — 0, because of the equations (fTT|) . (fT2|) and (fT3|) . Using the definition of the 
connection D, we have 

Z^xi^y^ - DxiVyZ + giSY, Z)^ - ^{g{Y + fY, Z))^ + ^igiY ~ fY, Z))^) 
= VxVyZ + g(5X, VyZ)C 

- i(5(X + /X, VyZ))6 + i(,g(X - /X, VyZ))^2 

+ {giVxSY, Z) + g(SY, VxZ))^ + 9{SY, Z){-SX - ig(t/, X)(Ci + 6)) 

- \{9{'^xY, Z) + g{Y, VxZ) + g{VxfY, Z) + g{fY, VxZ))^ 

- \{9{Y + fY, Z)){\{X + fX + g{U, X)0) 

+ ^(.9(Vxr, Z) + g{Y, VxZ) - giVxfY, Z) - g{fY., VxZ))^ 
+ \{9{Y - fY, Z)){\{X - fX - giU, X)0) 
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and a similar equation when X and Y are interchanged. We also have 

D[x^Y]Z = V^x.Y]Z + 9{S[X, Y], Z)i 

- + f[X,Y], Zm, + l{g{[X,Y] - f[X,Yl Z))^. 

Hence we obtain that R^(X, Y)Z is given by 

R{X, Y)Z ~ [SX A SY)Z - ^(/(^ A Y)Z + (X A Y)jZ) 

+ {g{VxSY, Z) - giVySX, Z) - g{S[X, Y],Z)- ]^g{U, X)g{Y, Z) + ig(C/, Y)g{X, Z))^ 
- ^{giU, X)g{SY, Z) + g{VxfY, Z) - g{U, Y)giSX, Z) - giVyfX, Z) - g{f[X, Y],Z))^, 

+ ^igiSX, Z)g{U, Y) - g{SY, Z)g{U, X) - g{VxfY, Z) + .g(Vy/X, Z) + g{f[X, F], Z))^. 

From equation (fTT|) . and (fO| we can conclude that R^{X,Y)Z vanishes for all tangent 
vector fields X,Y and Z. The cases R^{X,Y)^,R^{X,Y)£,i and R^{X,Y)^2 can be treated 
analogously using equations p2|l. (fT3| . (fT4|l and (fTS]) . Since R^ is a trilinear map, we obtain that 
R^{X, Y)f] = for every g e B. □ 

We define now a bundle map F on _B by 

(22) FX^fX+g{U,X)^, 

(23) F^^U + AC, 

(24) = 

(25) F^2 = -6- 

In the following two lemmas we will show that — I, F is symmetric with respect to g and the 
covariant derivative of the bundle map F on S is 0. 

Lemma 4. F^rj — g and g{Fg 1,7^2) = 5(?/i,^7?2)- 

Proof. This follows immediately form the definition of the bundle map F and (|10p . □ 
Lemma 5. {DxF){g) — /or euery X G TM" and every g E B. 



Proof. This follows immediately form the definition of the bundle map F and equations (|13p , (|14p 
,(0. □ 

Let Bi and be subsets of B defined respectively by 

{geB\Fg^g} 

and 

{g e B \ Fg = -g}. 

In the next proposition we will show that there exist orthonormal parallel sections rji, . . . ,rjk+i, 
fji, . . . , g„-k+2 with k e {1, . . . , n} such that Frji — rji and Ffja = —f]a for i G {1, . . . , fc + 1} and 
a G {l,...,n-fc + 2}. 

Proposition 1. Let {Al",g) be a Riemannian manifold with structure {g, S, f,U, X) that satis- 
fies the compatibility equations 0/ S'^' x H"^'^^"'^. Let B be the vector bundle over M" as de- 
fined above and F the bundle map of B as defined above, then there exist orthonormal parallel 
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sections 771, ... , 77^+1, 771, . . . , r/n-k+2 with k £ {1, . . . , rt} such that r/i, . . . , rjk+i G i?i a?7.(i i/iai 
7^1, .. . ,fjn-k+2 e 

Proof. Let p be a point of M" such that fp ^ ±Id. By definition of the bundle map we 
obtain that Fv lies in the subspace V of Bp spanned by TpM" and ^p for every w e TpM^. 
Analogously we have that F^p lies in 1^. Since F is symmetric with respect to 5, g is positive 
definite when restricted to V, F"^ — Id, F{V) C V and fp ^ Id, there exist an orthonormal 
basis {vi, . . . ,Vk,vi, . . . , Vn-k+i} with k G {1, . . . , 77} such that Fvi = Vi and _Fuq, = —Va- Since 
i^^i = ^1 and F£^2 — —^2, we know that there exist an orthonormal basis {wi, ■ ■ ■ , Wk+i, . . . , 7«i, 
. . . , u'n-fe+2} of Bp, with g{'Wn-k+2, Wn-k+2) = — 1, such that Fwi = Wi and Fwa = —Wa- Since 
= and Af" is simply connected, there exist parallel sections 771, ... , rjk+i, 771, ... , fjn-k+2 on 
-B such that 'f]i{p) — Wi and fjaip) — Wa- Moreover since the connection D is compatible with the 
metric g, we have that 771, ... , rjk+i, 771, ... , ^,i_fc+2 are parallel orthonormal sections on B. From 
lemma [SJ we obtain that Frji = rji and Ffja — —fja- This completes the proof. □ 

We are ready to proof theorem 1. 

Proof of theorem 1. In Proposition [T] we showed that there exist parallel orthonormal sections 
on B rji, . . . ,rjk+i,fii, . . . ,f]n-k+2 with k £ {1,...,77} such that 7/1, 77^+1 e Bi and that 
fji, . . . , fjn-k+2 £ B-i with k £ {1, . . . , 71}. In Lemma [TU] we showed that F^ = I and that 
F is symmetric with respect to 5. Since 771, . . . , 77„_-fc+2 are parallel orthonormal sections, we 
know that ^1 = Y.'^i^i 9{^i,rji)rji + Yla=i^'^ ''a9{^i,Va)Va, where ei = ••• = e„-fc+i = 1 and 
en-fe+2 = —1- We obtain that g{f]a,S,i) = for a E {1, . . . ,n — k + 2}, because F is symmetric 
with respect to g, F£_i = ^1 and Ffja = —fja and hence ^1 = X]i=^i ^O^i- Analogously, 
we obtain that ^2 ~ X]a=i^^ ^ag{(,2,fja)fja- Using the components of ^1 and ^2 with respect to 
rji, ... , rjk+ijfji, . . . , fjn-k+2 will construct an isometric immersion ip : M" S*^ x H"^'^^-'^. Define 
: M" L"+3 by 

P '-^ (gpivu^i), ■ ..,gp{?jk+i,^i),gp{fju^2), ■ ■ • ,5p('7n-fe+2,6))- 

It is easy to see that X]i=^i ^i)^ — 1 ^^'^ J2a=i^'^ ^ag{fja,^2)^ = —1 and hence 7/j(M") C 
gfe ^ jjn-fe+i^ Next we will show that i/j is an immersion. Let p be an arbitrary point of M" and 
V an arbitrary tangent vector at p such that t/'^u = 0. We obtain that 

= w[5(^»,6)] =9{rji,F>v(,i) ^g{m,'^{v + fv + g{U,v)^)) 

and 

We also have that 

Fi^iv + fv + uiv)0 = lifv + + + (5(C/, v + fv + Xvm 

= ^{v + .fv + u{v)(,) 

and hence 

(26) l{v + fv + uiv)O = 0. 

Analogously, we obtain that F{^{v ~ fv — u{v))£^) — —^{v — fv — m(u)^)) and hence 

(27) ^{v - fv - u{v)0 ^ 0. 
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Summing up the equations ()26p and p7|l . we obtain that v ~ and hence -0 is an immersion, 
because p and v were arbitrary. Next we will show that ip is isometric, i.e. g{v,w) = {ip,,v,'ip^w), 
where (., .) is the Lorentzian inproduct on R"+'^. 

^ fe+i 

i=l 
n-fc+2 

+ X! <^a9{v - fv -u{v)(,,f]a)g{w - fw -u{w)£,,fla)) 

= -^{g{v + fv + u(v)£,, w + fw + u(w)£,) + g{v ~ fv — u{v)£^, w — fw — u{w)£^)) 

= i i2giv, w) + 2gifv, w)2 + 2u{v)u{w j) 

= -(2g{v,'w) + 2g{v,iju) — 2u{v)u{w) + 2u{v)u{w)) 

We can conclude that is an isometric immersion of M" into S*"' x H"^'''+^. We will show now 
that N = (girji,^), ■ ■ ■ ,g{fin~i+2, 0) is a unit normal of ip{M") in S*^ x W^^''^^ and moreover the 
shape operator of M" associated to the normal N is given by 5. Let p be an arbitrary point of 
M" and V e TpM": 

fc+i ^ 

i=l 

n~k+2 ^ 
a=l 

= ailiv + + u{v)0,0 + gi^iv -fv- u{v)), 

= \{u{v) -u{v)) 
= 

and hence iV is a unit normal of ■(/;(Af"). But we also have that {N, Ni) — {N, N2) = 0, where A^i — 

(5(^1,6), ■•■ ,5fe+i,6),0, ... ,0) and A^2 = (0, ... ,0,3(771,6), ■•■ ,ff(^n-fc+2,C2))- Therefore TV 
is a unit normal of ^{M") in S''^ x H"-'''+i. Next we show that 5 is indeed the shape operator of 
ip{M") in S*-' X H"-'^'+i with respect to N: 

= 9{\{v + fv + -Sw) 

+ 9{^{v - fv- u{v)£_), -Sw) 
= 9{v,-Sw). 

Suppose now that F is the product structure of S'' x H"^'"'+^. It is easy to deduce by direct 
calculations that F{N) = ip^U) + \N and that F{;i}}^{X)) = ijj^ifX) + u{X)N . Finally wc wiU 
prove that the isometric immersion is unique up to a isometry of S*' x 0^""*^+^. Let V'ij''/'2 '■ 
gfc X EI"'~'^+^ be two isometric immersions of M" in S*^ x ]HI"-~'^+^ with unit normals A^i and N2, 
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respectively, such that 

(28) V^,^(^x)Nj = -^.j{SX) 

(29) F(V'*, (X)) = ifX) + u{X)Nj 

(30) F{Nj)=ij,j{U) + XNj, 

with j = 1,2. We wiU search now for an isometry ^ of S*^ x EI"~'^+-'^ such that (poipi 
a map C : M"- ^ 0\n + 3) by 

Cp(V'*i(x)) = v*2(x), 

Cp(7Vi) = N2, 
Cp(7Vi) = N2, 
Cp{m) = iV2, 



il>2- Define 



for all X e TpM" and whereby Nj = {ijA, 



,0) andNj = {0,...,0,iP 



k+2 



where ip'j are the components of ipj with respect to the standard basis of 



pn+3 



We have identified 



here T, 



r+3 andT^,(p)K"+3 with: 



. We will show that C is an constant map, by showing 



that {DxC){V) = DxC{V) - C{DxV) = for every X e T^M" and every vector field V along 
V'l- To prove {DxC){V) = 0, it is sufficient to consider two cases: 1^ is a tangent vector field 
along ■0 or F is a normal vector field of M" in L"+^. Assume first that V = il>*i{Y), where Y is 
a vector field of M". Then 

{DxC){ip.i{Y)) = DxCitP^iiY)) - C{DxiJ.i{Y)) 

= Dx^*2{Y) - C{DxMy)) 
= ^PM^xY)+g{SX, Y)N2 

- l{g{X,Y + fY))N2 + 1{9{X,Y- fY))N2 
-C{ip.i{VxY)+g{SX,Y)Ni 

- \{g{X,Y + fY))N, + \{g{X, Y - fY))N,) 



= 0. 



Assume now that V = N\, then 

{DxC){Ni) = DxC{N^) - 

= ^^U2{SX) 

= 0. 



C{DxNr) 
- \u{X){N2 



■N2)+C{ii,,i{SX) + -u{X){N^ 



■Ni)) 



One can also prove that (DxC){Ni) = {DxC){Ni) = 0, by using DxNj = ^(t/j^jiX + fX) + 
u{X)Nj) and DxNj ~ ^{iJj^j{X — fX) — u{X)Nj). Hence we obtain that C is a constant map 
and can be identified with e 0^(n + 3). Since (p{Ni) = N2 and 4>{Ni) = N2, we obtain that 
<^(V'i) = V'2. □ 
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